The internal Lorentz group SO(1,3) of 4-dimensional spacetime can be decomposed into SO(1,1), SO(2), and T ± (2), whose Lie algebra so(1,3) is spanned by {L−+, L23, L−A, L+A, A = 2, 3}. It is shown that general relativity can also be reformulated as the 4-dimensional coframe and connection dynamics of gravity based on this decomposition in a Bondi-like coordinate system {v, x 1 , x a , a = 2, 3}. The Hamiltonian analysis is conducted by the Dirac's methods. In the analysis, the torsion-free conditions are deduced from the consistency conditions of the primary constraints. The consistency conditions of the primary constraints π 0 IJ = 0 can be reformulated as Gauss constraints. The integrability conditions of Lagrange multipliers n0, l0, and e A 0 are Ricci identities.
Introduction
Bondi coordinates {u, r, θ, ϕ} [6] and its generalised form Bondi-Sachs coordinates {u, r, x 2 , x 3 } [11] are often used in the study of gravitational radiation. The null coordinate u acts as the time coordinate in this kind of coordinate system. Each u defines a 3-dimensional null hypersurface in the 4-dimensional spacetime. The metric in the null hypersurface is degenerate. A special spatial coordinate r is chosen, which is often regarded as distance. The left 2 coordinates are chosen as spherical coordinates {θ, ϕ} or {x 2 , x 3 }. In the Bondi-Sachs coordinates {u, r, x a , a = 2, 3} [6] [11], the metric can be written as ds 2 = g 00 du 2 + 2g 01 dudr + 2g 0a dudx a + g ab dx a dx b , (1.1) which has 4 Bondi conditions g 11 , g 12 , g 13 = 0, and det(g ab ) ∼ r 2 , which guarantees the degeneracy of the hypersurface metric. Every r defines a 2-dimensional spacelike surface in the hypersurface.
If one wants to study the geometry near isolated horizon and the propagation properties of gravitational wave, the advanced null coordinate v should be used as the time coordinate. The corresponding metric is ds 2 = g 00 dv 2 + 2g 01 dvdx 1 + 2g 0a dvdx a + g ab dx a dx b , (1.2) with g 00 < 0, g 01 , g 0a > 0. In the above metric, there are also 3 conditions g 11 = 0, g 1a = 0, so the metric has only 7 variables rather than 10 variables in the general form of a metric. The 4th coordinate condition is not imposed on the 2-dimensional metric in order to retain the general form of the 2-dimensional metric. The above metric formalism can be converted to the coframe connection formalism when a suitable coframe is introduced. To realise the Bondi-like metric a coframe with 2 null 1-forms (e − , e + ) and 2 spacelike 1-forms (e 2 , e 3 ) is much more convenient than the orthogonal coframe (e 0 , e 1 , e 2 , e 3 ). This coframe has 4 kinds of local transformations [1] which leave the metric invariant. The 4 kinds of transformations are boost, rotation and 2 kinds of translations. They belong to 4 subgroups of the SO(1,3) Lorentz group, namely SO(1,1), SO(2), T + (2), and T − (2). The connections are 1-form fields defined by torsion-free conditions of the coframe. The manifest SO(1,1) symmetry of this coframe and the so(1,1) connection are very essential in the statistical explanation of black hole entropy in boundary BF-theory approach [2] [3] [4] .
In our previous paper [10] , we have carried out the Hamiltonian analysis of 3-dimensional connection dynamics in Bondi-like coordinates, based on Dirac's Hamiltonian methods of constrained system [8] . In the 3-dimensional case, g 01 is fixed to 1. e + 0 , e 2 0 as well as e 2 2 and connection ω IJ µ are treated as configuration variables, the Palatini action is used and the cosmological constant is also considered. All secondary constraints and torsion-free conditions are acquired. In the system, all constraints are of the second class. As an example, the BTZ spacetime is discussed, which satisfies all the constraints.
The aim of the present paper is to analyse the gravity in a 4-dimensional spacetime by the similar method in [10] . Different from the treatment for the 3-dimensional case in [10] , g 01 is not fixed, so the metric is more general metric and can be applied to more cases. For simplicity, n 0 , l 0 , and e A 0 are treated as Lagrange multipliers and the cosmological constant is not included in this paper. The consistent conditions for the primary constraints define the first partial derivatives of n 0 , l 0 , and e A 0 with respect to 3 spatial coordinates. The consistency of the Hamiltonian analysis requires that n 0 , l 0 , and e A 0 satisfy the integrability conditions. Such a kind of situation does not happen in the Dirac's original treatment [8] . It will be shown that the Gauss constraints appear as the reformulation of the consistency conditions of π 0 IJ = 0. Unlike the 3-dimensional system, there exist the first-class constraints in 4-dimensional system. The arrangement of the paper is as follows. In Sec.2, the symmetry, coframe, connection, action and Poisson brackets are introduced. In Sec.3, the consistency conditions for constraints are analysed and the equations of motion are obtained, starting from the total Hamiltonian. Sec.4 is devoted to the integrability conditions of n 0 , l 0 , and e A 0 and their significance. In Sec.5, the Poisson brackets among constraints are calculated, and then the constraints are classified into the first-class and second-class constraints. The local physical degrees of freedom are countered. The Gauss constraints are presented. In Sec.6, the conclusion is made. In the appendix, 2 identities are proved.
Preliminary 2.1 Symmetry
The internal symmetry group of the 4-dimensional spacetime is SO (1, 3) , and its Lie algebra is so (1, 3) . The generators are denoted as L IJ , I, J = 0, 1, 2, 3, satisfying
where η IJ = diag(−1, 1, 1, 1) is the Minkowski metric of the internal space.
The generators of so (1, 3) can also be redefined as [9] L −+ := L 01 , (2.4)
5)
where A, B = 2, 3. They satisfy
The above equations can be written together as (2.3) with I, J = −, +, 2, 3, and 
Coframe
Corresponding to the second kind of decomposition, the double null coframe is chosen {e − , e + , e A }, which contains two null 1-forms e − , e + (or n, l) and 2 spacelike orthogonal 1-forms e A , A = 2, 3. For any double null coframe of this kind, the following 4 kinds of gauge transformations leave the metric invariant [1] :
10)
11)
12)
which correspond to SO(1,1), T + (2), T − (2) and SO(2) transformations respectively. Here α, b A , c A and β are gauge parameters, which are arbitrary smooth functions of the coordinates.
In the sec.2, the special coframe is chosen to realize the Bondi-like metric (1.2), e − =n = n 0 dv,
which is SO(2) covariant. Other symmetry is fixed in this coframe for convenience.
Connection
Connections ω IJ and Ω IJ of e I and E I respectively are defined by torsion-free conditions
According to (2.10),(2.11),(2.12),(2.13), one can get the relations of ω IJ and Ω IJ :
Action
The 4 dimensional Palatini action of gravity is
where
So the Lagrangian is
In the following analysis, e 
Under coframe (2.14), the above 4 constraints can be written as
corresponding to n 0 , l 0 , e A 0 respectively.
Poisson Bracket
The Poisson bracket of 2 quantities f (v, x) and g(v, y) at the same time v is defined by
28)
x, y, z stand for 3-dimensional null hypersurface coordinates. The non-vanishing Poisson brackets of canonical pairs are
3 Hamiltonian Analysis
Hamiltonian
By definition, the conjugate momenta are
which should be treated as 28 primary constraints
Together with (2.25),(2.26),(2.27), there are 32 primary constraints. By Legendre transformation, the canonical Hamiltonian is
Total Hamiltonian is
Consistency Analysis of Primary Constraints
The primary constraints should preserve in the Hamiltonian evolution.
In the following, we analyze the consistency conditions for the primary constraints one by one. First, the consistency conditions for π a A = 0 are
which will be always valid if
is a function of canonical variables to be determined.
Next, the consistency conditions of the constraints with π µ IJ are
14)
(3.23)
The above 24 conditions are equal to 24 torsion-free conditions
and 
which result in
The last 12 torsion-free conditions (3.30)-(3.35) contain no multipliers, so they should be treated as 12 secondary constraints. Finally, the consistency conditions for (2.25),(2.26),(2.27) are as follows: 
(3.39) and (3.42) set 3 relations among the multipliers.
Consistency Analysis of Secondary Constraints
The secondary constraints should also preserve in the Hamiltonian evolution, which requires
Combined with (3.11), (3.29), and (3.46), one can get 
They should be weakly equal to each other. From them, one can get 2 new secondary constraints:
Therefore,
From (3.50), the multipliers λ 23 a can be determined: 
Consistency Analysis of Further Secondary Constraints
The consistency conditions of the further secondary constraints (3.56) and (3.57) are
They are relations among the multipliers.
Equations of Motion
The equations of motion of the configuration variables arė The equations of motion of the non-vanishing conjugate momenta arė
Integrability
Eqs.(3.24)-(3.29) shows that the relations define the first partial derivatives for Lagrangian multipliers n 0 , l 0 , and e A 0 . In order to get a self-consistent system, the multipliers should satisfy the integrability conditions. It will be shown that all the integrability conditions are corresponding Ricci identities.
Integrability of n 0
The integrability of n 0 requires that
The first derivative of (3.24) with respect to x a reads
On the other hand, the first derivative of (3.25) with respect to x 1 reads 5) which is equivalent to
The integrability conditions (4.6) are Ricci identities. From (3.25), one gets 
Integrability of l 0
Similarly, the integrability conditions for l 0 require
The left-hand side of (4.9) is l 0,1a ≈ω 11) and the right-hand side of (4.9) is
(4.12) (4.9) requires
which is equivalent to 
Integrability of e
A 0
Finally, the integrability conditions for e 
Classifications of Constraints

Poisson Brackets Among Constraints
All non-zero Poisson brackets among constraints are listed as follows:
14) 
Local Physical Degrees of Freedom
From the above non-zero Poisson brackets, one can see that there are 6 constraints of the first-class. They are The left 40 constraints are of the second class. There are 4+24=28 configuration variables and 28 conjugate momenta in this system, which span a 56-dimensional phase space. There are 46 constraints, including 32 primary constraints and 14 secondary constraints. Among the 46 constraints, there are 6 first class constraints, and 40 second class constraints, which altogether fix 52 degrees of freedom in the phase space. Therefore, there are 4 degrees of freedom left in the phase space, which means there are 2 local physical degrees of freedom.
Gauss Constraints
In connection dynamics and quantum gravity, the Gauss constraints play an important role. They can be read out in the above analysis as the following way.
The SO(1,3) Gauss constraints can be written as [5] 
By using primary constraints, one can see that the above constraints (5.50) are actually the consistency conditions of the 6 primary constraints π 0 IJ = 0, which are also first class constraints. The 6 first class constraints are generators of 6 gauge transformations.
For example, the SO(1,1) gauge constraint comes from the consistency condition of π 0 −+ = 0:
The T − (2) gauge constraints come from the consistency conditions of π 0 −A = 0:
(5.52)
The T + (2) gauge constraints come from the consistency conditions of π 0 +A = 0:
The SO(2) gauge constraint comes from the consistency condition of π 0 23 = 0:
Conclusion
A self-consistent Hamiltonian formalism for a 4-dimensional connection dynamics has been set up in a Bondi-like coordinate system {v, x 1 , x a }. The advanced null coordinate v is used as the time coordinate instead of u in the BondiSachs coordinates [6, 11] . The metric has 3 Bondi-like gauge conditions, so there are only 7 nonzero components. The 3 Bondi-like conditions can be translated into 3 conditions on the coframe, and can be treated as 3 primary constraints as well, which will not provide essential difference. The 3-dimensional hypersurfaces labelled by v have degenerate metric, so they are null hypersurfaces. The internal symmetry is classified into SO(1,1), SO(2), T ± (2), and the Lie algebra so (1,3) of SO(1,3) is spanned by {L −+ , L 23 , L −A , L +A }. The coframe consists of 2 null 1-forms and 2 spacelike 1-forms. The coframe with manifest SO(2) covariance has been chosen to make detailed Hamiltonian analysis. The so(1,3) connection has 24 components, which are treated as 24 independent configuration variables.
The main results are summed up as follows. In addition to the primary constraints, there are 14 secondary constraints: Their integrability conditions are Ricci identities:
From the analysis, one will see that ω IJ 0 could also be treated as Lagrange multipliers, because they are multiplied by the Gauss constraints. In this case, the Gauss constraints become primary constraints, and 12 degrees of freedom in phase space are reduced. The consistency conditions containing ω IJ 0 are not treated as constraints but equations of multipliers. The final degrees of freedom in phase space will be the same.
Using ( and their conjugate momenta π µ IJ . In this way, the dynamics of gravity is recovered as the pure connection dynamics. Unfortunately, the Hamiltonian analysis under this formalism will become more complicated.
The success of the Hamiltonian analysis of the gravity in 3-and 4-dimensional spacetimes shows that there is no conceptual difficulty for the gravity in a higher dimensional spacetime though the analysis, as expected, will become even more complicated and tedious.
A The Proof of (3.38) In the 1st "≈", (3.30) and (3.31) have been used. In the 2nd and 3rd "≈", (3.31) and (3.34) have been used respectively.
B The Proof of (3.51) In the 1st "≈", one identity ǫ ab F −A 1a e B b δ AB ≈ 0 has been used. While in the 2nd "≈", (3.25) and (3.35) have been used. In the 3rd and 4th "≈", (3.25) and (2.27) have been used respectively. In the last "≈", (3.32),(3.33),(3.34) and (3.35) have been used.
